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Problem statement

The operator valued function 7 : H — H is for Hilbert space H defined as
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where w e C\{9,—0}, 6:=4/c— i 0 ::9—15.
A is unbounded and self-adjoint in .

B:H — H is bounded.

For each w the operator T (w) is a linear operator in H.

e The constants satisfies 21/c > d > 0.
Due to non-selfadjointness of the problem the spectrum of 7 is not real and

no variational principles for the eigenvalues exist, instead analytic bounds
of the numerical range of 7 will be deduced.
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Some examples of the bounds.

Obtaining bounds from linearization and a Krein space

The rational spectral value problem given by 7 has for C\ {d, =} equivalent
spectrum to the block operator matrix A: HOEHPEHEH > HEHPHDPH

defined as
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Using almost self-adjointness of A in a related Krein space it can be shown
that the imaginary part of any eigenvalue w to A, as well as each point in
the numerical range of T satisfies the implicit inequalities
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Size of the bounds and the numerical range

The figures shows the bounds in red and the approximated numerical range
as the blue lines and black dots for an operator valued function 7.

The dimension of the problem is 4. The dimension of the problem is 9.
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The dimension of the problem is 16. The dimension of the problem 1s 25.
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From the figures it follows that the numerical range is not much smaller than
the presented outer bounds.

Application to photonic crystals

When studying electromagnetic wave propagation in periodic 2D-structure
the vector valued Maxwell’s equations can be reduced to two scalar equa-
tions. These are called the transverse magnetic polarized wave (TM) and
the transverse electric polarized wave (TE).

The TM-wave can be modeled by the equation
LE; = —AFE; —w?e(r,w)B3 =0, z:=(z,22) ER*, weDCC,

where € is the permittivity function. This function is piecewise constant in
space and periodic on the unit cell, from this Bloch solutions can be found
by looking at only one cell instead of all of R?.

FEach cell consists of
two different materi-
als, the permittivity
function is constant on

OOOCOHOOBOO both materials.
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The Lorentz/Drude model with frequency dispersion and absorption is stud-
ied, for whom the permittivity function is
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where all the constants are positive.

The accuracy of the bounds
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The figure shows the bounds and the eigenvalues for a problem given by the
presented application, the eigenvalues are located closely to the lower bound.

Computation time for the bounds and the numerical range

The time used to compute the bounds of 7 exactly is only dependent on
finding the highest and lowest spectral value of A and BB*, if these are
known beforehand the computation is instantaneous and only plotting time
has too be considered which is negligible.

This compares favorably to methods of approximating the smaller nu-
merical range since those methods are usually only approximations and
oreatly depends on the dimension of the problem and are thus unable to
manage infinite dimensional problems.
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The table compares the time consumption for a number of different dis-
cretizations of the infinite dimensional application.

1. The approximated numerical range still was unsatistactorily.
2. For n = oo the highest and lowest spectrum values are known and thus
there is only plotting time.




