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Applications of the zeros of functions:

m Many scientific problems: resonance, quantum mechanics...
m Expansions of other functions.

m Gaussian quadrature.
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Let us define the integral

/a () da

where w(z) is a weight function. Let p,, be a polynomial of degree
n such that

b
/ xkpn(fb)w(l‘)dx =0, k£=0,1,...,n—1.

Let x1, ..., xz, be the zeros of p,, and let w; be defined by

b n _
Wi / Li(z)w(z)de, Li(z)= ]] e ,
a k=1kti Ui Tk
=4 ;A’L

where 1 = 1,2, ...,n. Then, the quadrature rule,
b n
| fa@)de = Y wif @),
a i=1

is a Gaussian quadrature rule.
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Let the orthonormal polynomials p;(x) satisfy the recurrence
relation

a1p1(x) + Bopo(x) = xpo(x)
Qg 1Dk1(2) + Brpr(x) + axpr—1(x) = xpr(z), k=1,2,...

and let x; be a zero of the polynomial p,, for a fixed n, then

Booar 0 ... 0 Po(z;) po(z;)
ar P ap p1(z;) p1(z;)
0 ao ,32 =Ty

. an_1 | | Prn—2(5) Pn—2(z;)
0 ... -1 Bno1/) \Pn—1(x;) Prn—1(z5)

We have that p,,(x;) = 0 if, and only if, z; is an eigenvalue of the
above square matrix.
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Problems that may arise when computing the zeros of functions:

m The process may be rather slow.

m The convergence is not guaranteed.

m Proximity to singularities.

m Zeros are too close to each other.
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We consider the ODE

y' (@) + A(2)y(x) = 0.
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Let « be such that y(a) = 0. We integrate around «

s ) .
| e =
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Let « be such that y(a) = 0. We integrate around «

e W(¢)
d¢ =z — «a,
/a 1+ (w(Q)h(C))?
from where we obtain the approximation

1
w(x)

ax T —

arctan(w(z)h(x)).
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Let « be such that y(a) = 0. We integrate around «

e W(¢)
d¢ =z — «a,
/a 1+ (w(Q)h(C))?
from where we obtain the approximation

1
w(x)

arctan(w(z)h(x)).

ax T —

This leads to the FPM

ot = g@n),  glz) =a — w(1x>arctan(w(x)h(:v))
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Advantages of this method:
m It is of fourth order.

m It is globally convergent.
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We redefine the arctangent as follows,

arctan(() if jC>0
arctan;(¢) = , Jj==1
arctan(¢) + jm if jC <0
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We redefine the arctangent as follows,

arctan(() if jC>0
arctan;(¢) = , Jj==1
arctan(¢) + jm if jC <0

obtaining the FPM
xr— ﬁarctanj(w(w)h(x)) if y'(x)#0

Tj(z) = , j=+1
T — ] if Y(x)=0

w(z)

N

Tpy1 = Tj(xy), J = sign(A'(x))
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Let y(z) be a solution of y”(x) + A(z)y(z) = 0 with two
consecutive zeros o and g such that A(x) > 0 in [a1, az2]. Then
the following hold:
If A'(z) >0 in (a1, a2), then the FPM converges
monotonically to «; for any zg € (a1, as).
If A/(z) <0in (aq,as), then the FPM converges
monotonically to ay for any zp € [a1, ag).

The order of convergence is 4.
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Graphically, the behaviour of the method is as follows,

— sin(x) i
— Fsin(15 x4

05

a5 —
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If A(z) <0, we consider
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If A(z) <0, we consider

This leads to the FPM,

Par = 0(ea). gl@) =2 — ostanh ™ w(w)h(a)
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Let us consider the EDO

y'(z) + (2n+1—2)y(z) =0,
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Let us consider the EDO
y'(x)+ (2n+1— $2)y(x) =0,

which has the solution

22

~ e 2
H,(v) = ————=Hy(x),
#) = = (2)

being H,(x) the Hermite polynomial of order n.
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Let us consider the EDO
y'(x)+ (2n+1— m2)y(:p) =0,

which has the solution

22

- e 2
Hylz) = ————
R SN
being H,(x) the Hermite polynomial of order n.We see that

Hn(.%'),

Cogfficient of the EDO
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Let us consider the EDO

which has the solution

~ e 2

H, (xr) = —H.
(o) ri25y/nl

being H,(x) the Hermite polynomial of order n. We see that

(),

Number of zeros | CPU time
1000 0.004
10000 0.047

100000 0.468
1000000 4.68
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Thank you for your attention

Numerical evaluation of the roots of orthogonal polynomials



