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Introduction

I Cut elements - Immersed method
I Domain Ω
I Uniform background mesh
I Application: Interface moving with time

I Distorted mesh
I Remeshing expensive

ΩT
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Main Goal

I Immersed method for Wave Propagation
I Focus: Scalar wave eq
I Future: Elastic wave eq
I High order more effective

3 / 16



Problem
I Wave equation

ü = ∇2u + f (x, t) x ∈ Ω
u|ΓD = gD(x, t)
∂u
∂n

∣∣
ΓN

= gN (x, t).

I FEM, Based on Burman and Hansbo [2012]
I Solve for dofs of ΩT

I Weak boundary conditions by Nitsche
(ü, v)Ω + a(u, v) = L(v) ∀v ∈ V ,

ΩT

a(u, v) = (∇u,∇v)Ω−
〈
∂u
∂n , v

〉
ΓD

Nitsche penalty terms︷ ︸︸ ︷
−
〈

u, ∂v
∂n

〉
ΓD

+ βD 〈u, v〉ΓD
+ βN

〈
∂u
∂n ,

∂v
∂n

〉
ΓN

L(v) = (f , v)Ω +

Nitsche penalty terms︷ ︸︸ ︷〈
gD, βDv − ∂v

∂n

〉
ΓD

+
〈

gN , v + βN
∂v
∂n

〉
ΓN

.
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Ill-conditioning

I Want to calculate quantities of type
(φi , φj)Ω, (∇φi ,∇φj)Ω, Ill-conditioned

I Stabilization, j, Burman and Hansbo [2012],
Massing et al. [2014]

Weak fom: (ü, v)Ω + a(u, v) = L(v) ∀v ∈ V ,

FEM: M (üh , vh) + A(uh , vh) = L(vh) ∀vh ∈ Vh

M (üh , vh) := (üh , vh)Ω + γM h2j(üh , vh)
A(uh , vh) := a(uh , vh) + γAj(uh , vh)

‖vh‖2ΩT ≤ CM M (vh , vh) ≤ CM‖vh‖2ΩT

A(uh , vh)− coercive
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Stabilization
I Estimate, by Taylor expansion

‖v‖2T1 ≤ C

‖v‖2T2 +
p∑

q=1

1
q!2

h2q+1

2q + 1 〈[∂
q
nv] , [∂q

nv]〉F


∂q

nv =
∑
|α|=q

q!
α!D

αvnα

T1
F

T2n

α = (α1, α2, ..., αd)

|α| = α1 + α2 + ...+ αd

Dα = ∂α1
∂xα1

∂α2
∂xα2 ...

∂αd
∂xαd

nα = nα1
1 nα2

2 ...nαd
d

α! = α1!α2!...αn !
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Stabilization

I Stabilization term j on faces FG

j(u, v) =
∑

F∈FG

p∑
q=1

h2q−1 〈[∂q
nu] , [∂q

nv]〉F

for p = 1 : j(u, v) =
∑

F∈FG

〈h[n · ∇uh ], [n · ∇vh ]〉F

FG
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Symmetry

M (üh , vh) + A(uh , vh) = L(vh) ∀vh ∈ Vh

I Discretizes to
Mξ̈ +Aξ = L(t)

I M sym pos def ⇒M 1
2 well defined

η̈ + Bη = F(t)

where
η =M

1
2 ξ, B =M−

1
2AM−

1
2

I Real wave-numbers!
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Quadrature
I Levelset

I ∂Ω def by zero contour
I Quadrature

I Use algorithm from Saye [2015]
I Hyperrectangels
I Build Quadrature from levelset
I Implicit function theorem
I 1D-rootfinding
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Membrane
I Circular domain
I u|∂Ω = 0

I u|t=0 = J0(αn
‖x‖
R )

I u̇|t=0 = 0
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Convergence Q1-Q3 elements
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Condition Numbers Q1-Q3 elements
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Future Application

I Elastic wave equation
I Unknown interface geometry
I Find shape by optimization

Interface
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Summary

I Cut elements for wave propagation
I Weak boundary condition by Nitsche
I Stabilizing terms
I Tested up to 4th order convergence
I Plans for elastic wave equation
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Thank you!
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