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Generalized Roth’s Theorem | (D. & Kagstrom, 2015)

System of the Sylvester matrix equations
A,‘Xk—)(/‘B,'ZC,', i:1,...,n

has a solution Xi,..., Xy.

i

There exist non-singular matrices Ps, ..., Py such that

1A G B A O .
Pj [0 Bi Pk— 0 Bi’ i=1,...,n.



Roth’s Theorem |, 1952

The Sylvester-type matrix equation
AX-XB=C, Aismxm, Bisnxn, and Cis mxn,

has a solution.

§

There exists a non-singular matrix P such that

S



Roth’s Theorem II, 1952

The Sylvester-type matrix equation
AXi - XoB=_C,

has a solution.

§

There exist non-singular matrices P; and P, such that

J[A C], [A 0
=[5 &le-ls g



Roth’s Theorem Ill, 1994 (2 papers), 1996

The system of Sylvester-type matrix equations

A1 Xy = XoBy = Cy,
Ao X - XoBy = Cy

has a solution.

i

There exist non-singular matrices P; and P» such that
A C A 0
-1 A1 1 _ A
P?[o 51]’31‘[0 31]’

A G, [A O
PZ[O BZ]P1_[O Bg]'



Change of basis in a vector space

A C
We have 0 B|X=Y

We change the basisinV: Px'=xand Py’ =y.
A Clou 5o
We obtain [0 B] Px"=Py'.
A C A O

é3> @)

‘old basis’ ‘new basis’



Change of basis in a vector space

A C
We have 0 B|X=Y

We change the basisinV: Px'=xand Py’ =y.
A Clou 5o
We obtain [0 B] Px"=Py'.

A C A O
‘old basis’ ‘new basis’
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Graphs associated with Roth’s Theorems
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Graphs associated with Roth’s Theorems
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Graphs associated with Roth’s Theorems, 2014

A1 Xy = XoBy = Cy [/(\)1 g] [/(\)2 ga] [/33 gal
Ao X = XoBp = Cp = O——0+——0O——0
A3 X5 = X4B3 = Cs

A1 Xq = XoBy = Cy [/g g] [%2 32] [/?)3 gal
AoXo — X3Bp = Cp = O——0O——0——>0
Ag X — X4Bs = Cs

A1 X1 = XoBy = Cy [A& g] [%2 32] [%3 gs]
AoXo — XoBp = Cp = O——0——0«——0

AsX, - X3Bs = C3



Cyclic graphs (Periodic eigenvalue problem)

System of matrix equations is consistent < Relation on matrices

q[AT Gy [A; 0
10 AXi - XeBr = Cy, Pz‘_(; B]_P1 =10 B,
' _ A G A2 0]
2: AXo- 3B =Gy, 0 B P = 0 B
) _ 1 [As G5 [As 0]
3: A):-XyB3=Cs;, < P, o 5 |0 &)
. _ 1 [An Ci] A, 0
n: AnXo = XiBn=Cn, P |0 By “lo B,




Graphs associated with Generalized Roth’s Theorem |

System of matrix equations is consistent < Relation on matrices

1: AXi-XiBy =Cy, Py /(\)1 g:-ﬂ :?L(‘; ‘31_’
2. AXi-XoBr =Gy, P§1 :/(\)2 g;: Pro= »I?JZ 32: ’
3: AXi-XeBy=Cs, = P /?)3 g; Pro= _/?JS gs_ '
4: A -XoBy = Cy, Py /(\34 g: B :/2)4 34 ’
5: AsXy—X4Bs =Cs, P —/(\)5 g: Pa = »IL(\)S “gs_




Generalized Roth’s Theorem Il (D. & Kagstrom, 2015)

System of the Sylvester and x-Sylvester matrix equations

A,’Xk—XjB,'ZC,', i:1,...,n1
Fi’ - G,'/ZH,'/, i’:1,...,n2

has a solution Xj, ..., Xn.

§

There exist non-singular matrices Ps, ..., Py such that
1A G A 0O .
Pj [0 B Py = 0 B i=1,...,m,

0 G _[o @] ._, ;
Fi’ Hi’ - F,‘/ 0 ) =y, 1.



Graphs associated with Roth’s Theorems
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Graphs associated with Roth’s Theorems
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Graphs associated with Generalized Roth’s Theorem Il
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System of matrix equations is consistent < Relation on matrices



Particular case of Generalized Roth’s Theorem II

1:  AXy-X{By=Cy, P -/L(\)1 g:_ﬁ - /L(\; 31_
2: AXi-XoBo =Gy, P /(\)2 gj A= —/(‘)2 gz
3:  AsXi-XoBs = Cs, Py —/?)3 g: Pr= —/?)3 gg
4. AgXo-XeBs= C, P, —/(\)4 gj = :/(\)4 34-
5: AsXy-X4Bs=Cs, <= P, —/?)5 g: Pa = /(\)5 35_
1 FiXs+ X[ Gr = Hy, Py 191 IC-;I: :/(:)1 CS‘-
21 FoXo+ X Ga=Ha, 182 IC-;IE Po = ’82 C(;)Q
31 FXa+ X;G3=Hs, Pa —I93 flz Pa = /93 C(’;3




Systems of Stein and x-Stein matrix equations

A,'Xkl(,'—L,')(jB,'ZC,', i:1,...,n1
File/Mil—N,'l)(jTGiI :H,‘l, i’: 1,...,”2

with unknown matrices Xi,..., Xn.
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Thank you!



